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Abstract
In a N = 1 superspace formulation of N = 4 Yang-Mills theory we obtain the anomalous
dimensions of chiral operators with large R charge J →∞ keeping g2N/J2 finite, to all orders
of perturbation theory in the planar limit. Our result proves the conjecture that the anomalous
dimensions are indeed finite in the above limit. This amounts to an exact check of the proposed
duality between a sector of N = 4 Yang-Mills theory with large R charge J and string theory
in a pp-wave background.
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Recently the existence of a new duality [1] has attracted much attention: it has been
argued that the IIB string on a pp-wave background [2, 3] is dual to the sector of N = 4
supersymmetric SU(N) Yang-Mills theory with large R charge J , in the limit N, J →∞
and g2N/J2 finite. More precisely a certain correspondence has been suggested between
string states with light cone momentum p+ and energy p−, and operators in the Yang-Mills
theory with conformal dimensions ∆ and charge J , related by [1]
2p− = µ(∆− J) 2p+ =
∆+ J
µR2
R2 = 2α′
√
πgsN (1)
In particular according to the above correspondence the mass spectrum of string states
should match the anomalous dimensions of dual operators in the field theory. In the
planar limit these operators are multiplicatively renormalized [4, 5, 6].
In this paper we obtain to all orders in perturbation theory the anomalous dimen-
sions of this class of operators, confirming the proposals presented in [1] and in [5]. Our
derivation is based on the constraints imposed on the two-point functions by the super-
conformal invariance of the theory. The analysis is performed using N = 1 superspace
techniques that are very efficient for correlator computations in supersymmetric theories.
A perturbative calculation of the two-point functions of the CPO operators at O(g4) was
performed in N = 1 superspace in [7].
The N = 4 supersymmetric Yang-Mills classical action written in terms of N = 1
superfields (we use the notations and conventions adopted in [8]) is given by
S = Tr
(∫
d4x d4θ e−gV Φ¯ie
gVΦi +
1
2g2
[∫
d4x d2θ W αWα +
∫
d4x d2θ¯ W¯ α˙W¯α˙
]
+
ig
3!
∫
d4x d2θ ǫijkΦ
i[Φj ,Φk]−
ig
3!
∫
d4x d2θ¯ iǫijkΦ¯i[Φ¯j , Φ¯k]
)
(2)
where the Φi with i = 1, 2, 3 are three chiral superfields, and the W α = iD¯2(e−gVDαegV )
are the gauge superfield strengths. All the fields are Lie-algebra valued, e.g. Φi = ΦiaT
a, in
the adjoint representation of the gauge group SU(N). The chiral superfields Φi contain the
six real scalar fields X 1, . . . ,X 6 of the N = 4 Yang-Mills theory. For notational simplicity
it is convenient to rename the three chiral superfields as Φ = X 1 + iX 2, Ψ = X 3 + iX 4,
Z = X 5 + iX 6. With this notation the chiral interaction vertices can be written as
Tr
(
ig
∫
d2θ(ΦZΨ− ΦΨZ) + h.c.
)
(3)
We consider the U(1) subgroup of the SU(4) R-symmetry group which rotates X 5 and
X 6 and leaves the other four X i invariant, so that Z has unit charge with respect to this
subgroup while Φ and Ψ are neutral.
Now we want to consider operators with a large number of charged Z fields, corre-
sponding to large J operators, with insertions of a small number of neutral fields. An
1
example of such an operator with two insertions is
∑
l
eilϕTr
(
X 1Z lX 3ZJ−l
)
(4)
where we have defined
ϕ =
2πn
J
(5)
with n the excitation level of the dual string state. Under the assumption of a “dilute
gas” approximation [1] we focus on the insertion of one neutral field. Following the work
in [5] we consider the operators
∑
l
eilϕZ lX iZJ−l (6)
with i = 1, . . . , 4 as “building blocks” for operators with more insertions. More precisely
we concentrate on the following two operators
OJ =
∑
l
eilϕZ lΦZJ−l (7)
and 1
UJ =
∑
l
eilϕZ lΨ¯ZJ−l (8)
The suffix J counts the number of charged Z-fields, while ϕ is always defined as in (5).
From the point of view of the N = 4 theory they belong to the same multiplet and so they
have the same properties: they renormalize in exactly the same way and in particular they
have the same anomalous dimension γ. This is the quantity that we want to determine,
in the planar limit and to all orders in perturbation theory.
To this end, inspired by similar techniques used in [9], we make use of the equations
of motion from the action in (2)
D¯2Ψ¯ = ig(ΦZ − ZΦ) D2Ψ = −ig(Φ¯Z¯ − Z¯Φ¯) (9)
and relate the UJ operators to the OJ ones. Indeed we obtain
D¯2UJ = −ig(e
−iϕ − 1)OJ+1
D2U¯J = ig(e
iϕ − 1)O¯J+1 (10)
The equations in (10) allow to express the two-point correlation functions of the UJ
operators in terms of the OJ ’s. With the definition
α = eiϕ + e−iϕ − 2 = −(eiϕ − 1)(e−iϕ − 1) (11)
1Gauge invariance would require to study the operator UJ =
∑
eilϕZ le−gV Ψ¯egV ZJ−l and use gauge
covariant derivatives. However for our purposes it is sufficient to work in a flat background.
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we obtain (z ≡ x, θ)
< D¯2UJ(z)D
2U¯J (z
′) >= −g2α < OJ+1(z)O¯J+1(z
′) > (12)
We notice that OJ+1 differs from OJ only through the presence of an extra Z-field. In
the planar limit and in the “dilute gas” approximation, it is easy to see that only a
finite number of neighbouring Z-fields interact with the impurity at a given order in
perturbation theory [5]. Thus the extra Z-field present in OJ+1 does not play any relevant
role and the renormalization of OJ+1 is the same as the one of OJ . Now, using the above
relation and the fact that UJ and OJ+1 have the same renormalization properties, we want
to compute their anomalous dimension γ.
First we find a general expression for the two-point correlator of an N = 4 operator
A(h,h¯) which contains h chiral and h¯ antichiral superfields. In N = 1 superspace it is
rather simple to compute explicitly such a two-point function at the tree-level. One has
propagators given by
< Φ(z)Φ¯(z′) >=
1
4π2
D¯2
δ4(θ − θ′)
|x− x′|2
←−
D
2
(13)
and performs straightforward D-algebra. Then one finds
< A(h,h¯)(z)A¯(h,h¯)(z
′) >tree=< (Φ
hΦ¯h¯)(z)(Φ¯hΦh¯)(z′) >tree=
= fA
{
1
2
DαD¯2Dα +
w
4∆
[Dα, D¯α˙]i∂αα˙ +
∆2 + w2 − 2∆
4∆(∆− 1)

}
δ4(θ − θ′)
|x− x′|2∆
(14)
where ∆ = h + h¯ is the total dimension and w = h − h¯ is the chiral weight. We have
introduced a proportionality factor fA which at tree level can be easily computed.
Now we take advantage from the fact that the N = 4 supersymmetric Yang-Mills
theory is conformally invariant. In such a theory two-point correlation functions are de-
termined by their conformal dimensions [10] and this allows us to immediately extend (14)
to the complete interacting theory. Being γ the anomalous dimension of the operator we
simply have to substitute
∆→ ∆+ γ (15)
while keeping w unchanged. In fact the chiral weight w is not renormalized because of
N = 4 supersymmetry. Thus we obtain
< A(h,h¯)(z)A¯(h,h¯)(z
′) >= fA(g
2, N, h, h¯)
{
1
2
DαD¯2Dα +
w
4(∆ + γ)
[Dα, D¯α˙]i∂αα˙
+
(∆ + γ)2 + w2 − 2(∆ + γ)
4(∆ + γ)(∆ + γ − 1)

}
δ4(θ − θ′)
|x− x′|2(∆+γ)
(16)
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where the fA is a function not fixed by conformal invariance. In the planar limit we are
considering, the dependence on g and N is through the ’t Hooft coupling g2N .
The expression in (16) can be specialized to the two-point functions of the UJ and
OJ+1 operators. For the former we have ∆ = J + 1, w = J − 1, for the latter ∆ = J + 2,
w = J + 2. Using the above values for the dimensions ∆ and weights w we easily obtain
the correlator for the UJ ’s
< D¯2UJ(z)D
2U¯J(z
′) >=
=
NJ+1
(4π2)J+1
f(g2N, J)D¯2
{
1
2
DαD¯2Dα +
J − 1
4(J + 1 + γ)
[Dα, D¯α˙]i∂αα˙
+
(J + 1 + γ)2 + (J − 1)2 − 2(J + 1 + γ)
4(J + 1 + γ)(J + γ)

}
D2
δ4(θ − θ′)
|x− x′|2(J+1+γ)
=
NJ+1
(4π2)J+1
f(g2N, J)(γ2 + 2γ)D¯2D2
δ4(θ − θ′)
|x− x′|2(J+2+γ)
(17)
In the same way we find
< OJ+1(z)O¯J+1(z
′) >=
NJ+2
(4π2)J+2
f(g2N, J)
(
D¯2D2 +
−
γ
4(J + 2 + γ)
[Dα, D¯α˙]i∂αα˙ −
γ(2J + 4 + γ)
(J + 2 + γ)(J + 1 + γ)

)
δ4(θ − θ′)
|x− x′|2(J+2+γ)
(18)
In (17) and (18) we have inserted the tree level constants so that the common function
f(g2N, J) is of the form f(g2N, J) = 1 + g2Nf1(J) + . . .. At this point we substitute the
above expressions in (12) and obtain
NJ+1
(4π2)J+1
f(g2N, J)(γ2 + 2γ)D¯2D2
δ4(θ − θ′)
|x− x′|2(J+2+γ)
=
= −g2α
NJ+2
(4π2)J+2
f(g2N, J)D¯2D2
δ4(θ − θ′)
|x− x′|2(J+2+γ)
(19)
where we have dropped terms from the r.h.s. of (18) which would produce subleading
contributions to γ in the large J limit. Thus we are lead to a very simple equation which
determines the anomalous dimension
γ2 + 2γ = −
g2N
4π2
α (20)
The solution is simply given by
γ = −1 +
√
1−
g2N
4π2
α (21)
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(The solution with the minus sign in front of the square root would lead to γ = −2 at the
tree level.) In order to be consistent with the large J approximation used so far, we have
to truncate α ∼ −ϕ2, so that we finally obtain
γ = −1 +
√
1 +
g2Nn2
J2
(22)
We emphasize that the result in (22) gives the anomalous dimension of the operators
OJ to all orders in perturbation theory. It confirms the conjecture given in [5] and exactly
coincides with the value obtained at strong coupling from the dual string approach [1].
This amounts to an exact check of the proposed duality between a sector of N = 4
Yang-Mills theory with large R charge J and string theory in a pp-wave background.
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